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Abstract: We establish global well-posedness and scattering for solutions to the mass- 
critical nonlinear Hartree equation iut + An = ib(|x|~^*|up)u for large spherically 
symmetric L^(M'^) initial data; in the focusing case we require, of course, that the mass 
is strictly less than that of the ground state. 

Resume: Nous etablissons I'existence globale et la diffusion des solutions de I'equation 
non lineaire de masse critique de Hartree iut + An = ib(|x|~^ * |np)n pour des donnees 
initiales grandes a symetrie spherique dans L^(R'^) ; dans le cas focalisant nous imposons, 
bien siir, que la masse soit strictement inferieure a celle de I'etat fondamental. 
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1 Introduction 

We primarily consider the mass-critical Hartree equation: 

j iut + Au = fi{\x\~^ * \u\^)u, in M'^ X M, 
\ n(0) = uoix), in R''. 

where d > 3, ^ = ±1, with fj, = +1 known as the defocusing case and fi = —1 as the 
focusing case. The Hartree equation arises in the study of Boson stars and other physical 
phenomena, see for example jl8j . In chemistry, it appears as a continous-limit model for 
mesoscopic molecular structures, see [7]. 

Definition 1.1. A function u : I x ^ C on a non-empty time interval / C M 
(possibly infinite or semi-infinite) is a strong L^(M'^) solution to (GP if it lies in the class 
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6d 

C^Ll{K X R'^) n ViLl''-^{K X W^) for all compact K C I, and we have the Duhamel 
formula 

u{ti) = e^(*i-*o)^n(to) - i / e'^'^-'^^F{u{t))dt (2) 

Jto 

for all to, ti € /, where F{u) = * |up)u. We refer to the interval I as the lifespan 

of u. We say that u is a maximal-lifespan solution if the solution cannot he extended to 
any strictly larger interval. We say that u is a global solution if I = M. 

Definition 1.2. We say that a solution u to (Cp blows up forward in time if there exists 
a time to £ I such that 

\\u\\ 6d = oo (3) 

L6Li?''-2([to,sup(/))xR<*) 

and that u blows up backward in time if there exists a time to £ I such that 

\\u\\ 6d = OO. (4) 

LfLl^ ((inf(/),to]xR'*) 

For the mass-critical Hartree equation ([1]) witli data in L^, the authors obtained some 
well-posedness and scattering results in [L3\ using the method of [5]. We collect these 
facts as follows: 

Theorem 1.1 (Local well-posedness). Given uq G and to G M, there exists a 

unique maximal-lifespan solution u to ^^ with u{to) = uq. We will write I for the 

maximal lifespan. This solution also has the following properties: 

if (Local existence) I is an open neighborhood of to. 

if (Mass conservation) The solution u has a conserved mass: for t £ I, 

M{u) = M{u{t)):= f \u{t,x)\'^dx. (5) 

if (Blowup criterion) // sup(/) is finite, then u blows up forward in time; i/ inf (/) is 
finite, then u blows up backward in time. 

if (Continuous dependence) If u^^^ is a sequence converging to uq in L'^{W^) and ti^"^ : 
X M'^ C are the associated maximal-lifespan solutions, then u^"^ converges locally 
uniformly to u. 

if (Scattering) If u does not blow up forward in time, then sup(/) = -|-oo and u scatters 
forward in time, that is, there exists a unique n+ E L'^[W^) such that 

lim \\u{t) - e**^n+||i2(Kd) = 0. 

Similarly, if u does not blow up backward in time, then inf (/) = — oo and u scatters 
backward in time, that is, there is a unique u_ G L^(M'^) so that 

if (Spherical symmetry) If uq is spherically symmetric, then u remains spherically sym- 
metric for all time. 
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Vk" (Small data global existence) If M{uo) is sufficiently small, then u is a global solution 
which does not blow up either forward or backward in time. Indeed, in this case 

[([ \u{t,x)\^dx)~dt<M{uf. 

From the small data global existence, we conclude that for the mass-critical Hartree 
equation ([T|), there exists a minimal mass mo such that solutions with mass strictly 
smaller than mo are global and scatter in time. It is conjectured that mo should be +00 
in the defocusing case and be M{Q) in the focusing case, where Q is the ground state, 
that is, the positive radial Schwartz solution Q to the elliptic equation 

AQ + (|x|-2*|Q|2)Q = g. (6) 

In this paper we prove the conjecture for radial data. In particular, we have 

Theorem 1.2. In the defocusing case /u = +1, all maximal-lifespan radial solutions to 
([IP are global and do not blow up either forward or backward in time. In the focusing 
case n = —1, all maximal-lifespan radial solutions to (Op with M{u) < M(Q) are global 
and do not blow up either forward or backward in time. 

In fact, the result in Theorem ll.2l is sharp. e^^Q is the solution to ^ that blows up at 
infinity. Moreover, this equation is invariant under the pseudo-conformal transformation 

u{t,x) ^ {i{t - r))-f e^u(^, ^). 

So {i{t - T)) 2 e***-^) e ^-t Q{j^) is the solution that blows up at finite time t = T for 
fixed T. 

In the proof of the above theorem, we adapt the ideas and techniques in [llj and [12|, 
which represent the state of the art in nonlinear dispersive equations. In [11], R. Killip, 
T. Tao and M. Visan established the global well-posedness and scattering for radial 
solutions to mass-critical nonlinear Schrodinger equations in dimension d = 2. R. Killip, 
M. Visan and X. Zhang extended this result to higher dimensions in [12j. In addition, C. 
E. Kenig, F. Merle dealt with the focusing energy-critical nonlinear Schrodinger equation 
with radial data in [8]. For other related works, see S. Keraani [10], T. Tao, M. Visan 
and X. Zhang [22], [23]. Before we state our argument, we need some definitions. 

Definition 1.3 (Symmetry group). For any phase 9 E M/27rZ, position xq G M'^, fre- 
quency 1^0 £ I^*^ o,nd scaling parameter A > 0, we define the unitary transformation 
ge,i,,xo,x ■■ Ll{W^) ^ Ll{W^) by the formula 

We let G be the collection of such transformations. We also let Grad C G denote the 
collection of transformations in G which preserve spherical symmetry, or more explicitly, 

Grad := to,o,o,A : G K/2^Z; A > 0}. 
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Definition 1.4 (Almost periodicity modulo symmetries). A solution u with lifespan I 
is said to be almost periodic modulo G if there exist (possibly discontinous) functions 
N : I ^ R+ , ^ : I R'^, X : I R'^ and a function C : M+ ^ M+ such that 



for all t ^ I and r/ > 0. We refer to the function N as the frequency scale function for 
the solution u, ^ as the frequency center function, and C as the compactness modulus 
function. Furthermore, if we can select x{t) = ^(t) = for all t £ I, then we say that u 
is almost periodic modulo G^ad- 

Remark 1.1. By Ascoli-Arzela theorem, the above definition is equivalent to either of 
the following two statements: 



I. The quotient orbit |Gn(t) : t £ Ij is a precompact set of G\L'^, where G\L'^ is the 
moduli space of G- orbits Gf := {gf : g e G} of L'^{R''-). 

II. There exists a compact subset K of such that u(t) G GK for all t G /; equiva- 
lently there exists a group function g : I ^ G and a compact subset K such that 
g~^{t)u{t) e K for any tel. 

Suppose for contradiction that Theorem 11.21 is not true, then we can find an almost 
periodic solution. The solution must be one of the following three forms: 

Theorem 1.3 (Three special scenarios for blowup). Suppose Theorem failed for 
spherically symmetric solutions, then there exists a maximal-lifespan solution u which 
may be chosen to be spherically symmetric and almost periodic modulo Grad- Moreover, 
it blows up both forward and backward in time, and in the focusing case also obeys 
M{u) < M{Q). 

With spherical symmetry, we can also ensure that the lifespan I and the frequency 
scale function N : I ^ match one of the following three scenarios: 

I. (Soliton-like solution) We have / = M and 




and 




N{t) = 1 



for all t e R. 



II. (Double high-to-low frequency cascade) We have I = R, 

liminf A^(t) = liminf iV(t) = 0, 



and 



supiV(t) < oo. 
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///. (Self- similar solution) We have I = (0,+oo) and 



N{t) = t 



1/2 



for all t ^ I. 

This is a wonderful classification theorem first given in [11] although some other 
authors have mentioned some of them, see |3], [6], [8], [20], [23], etc. In view of this 
theorem, our goal is to preclude the possibilities of all the scenarios. 

Note that the minimal mass blow-up solution has very good properties because it is 
localized in both physical and frequency space. In fact, it admits higher regularity. 

Theorem 1.4 (Regularity in the self-similar case). Let u be a spherically symmetric so- 
lution to mi that is almost periodic modulo Grad md self-similar in the sense of Theorem 
[731 Then u{t) G H'iR'^) for all t G (0, oo) and all s > 0. 

Theorem 1.5 (Regularity in the global case). Let u be a global spherically symmetric 
solution to (EP that is almost periodic modulo Grad- Suppose also that N{t) < 1 for all 
t G R, then u G LfH-%R x R'^) for all s > 0. 

In the proofs of these two theorems for mass-critical Schrodinger equations in [H], 
the radial assumption is fully exploited based on a careful observation that there is a 
dichotomy between scattering solutions and almost periodic solutions. There are similar 
results for the mass-critical Hartree equation. More precisely, one has: 

Proposition 1.1. Let n : / x ^ C be a maximal- lifespan solution which is almost 
periodic modulo G. Then e~**^u(t) is weakly convergent to zero in -L^.(M^) as t ^ sup(/) 
or t ^ inf(/). 

As a corollary of Proposition II. H we have 

Corollary 1.1 (A Duhamel formula). Let u be a solution to H]) which is almost periodic 
modulo G. Its maximal-lifespan is I. Then for all t £ I, 



There are some new difficulties in dealing with the mass-critical Hartree equation. 
One of them comes from the asymptotic orthogonality. In the study of the mass-critical 
Hartree equation, we have to use the non-symmetric spacetime norm because the sym- 
metric spacetime norm will lead to the restriction on dimension. However, the orthogo- 
nality can be destroyed by the non-symmetric spacetime norm. 




as weak limit in L^ 



5 



We illustrate this by considering the simple example: Let (fi and (p2 are two bump 
functions in M x M^. Let x^, G E? be such that — — > oo as n ^ oo. Then we 
have 

\\(pi{t,x + xl) + (p2{t,x + xl)\\l4^ WfiWli^ + IMli^, (9) 
as n ^ oo. However, if we replace Lf^ with L^L^, then 

\\(fl{t,X + xi) + f2{t,X + xl)\\li^3 

= j j \ipi{t,x + x\) + (f2{t,x + x\)\^dx^ dt 
= j {j (Iv5i(i,2; + x^)|3 + |(^2(t,x + x2)|3 

+ 3|v3i(t,x + x\)\^\ip2{t,x + x\)\ + 3|(/?i(t,x + x\)\\ip2{t,x + x^)|^)(ixj dt 
{\^i{t,x + xi)\^ + |(^2(i,x + x^)|^)dxj 

^dxS^dt 



^i{t,x)fdx^ dt + j (^j |v?2(t,2;)| 

99i(t,x)|^(ix^ / \Lp2{t,x)\^dx^dt 



+ 2 

^II'^iIIl«l3 + ||</'2|i:^6i3, as n^oo. 

Fortunately, for radial solution of the free Schrodinger equation, there are only two kinds 
of orthogonality - time translation and scaling (NO spatial translation!), both of which 
are possessed by time variable. So the orthogonality can be exploited and get the desired 
orthogonal relation similar to ([9|) (see Section 3). So the radial assumption is necessary to 
prove Theorem 1 1.3 1 which is in contrast to [llj . where the similar theorem was established 
without the radial assumption. Such assumption is also used in precluding the three 
enemies in the sense of Theorem 11.31 

Some other difficulties coming from the convolution in the nonlinearity lie on the fact 
that it's non-local in physical space and singular in frequency space. For example, in 
precluding the self-similar solution, we need to deal with terms such as (V * \ufj\)uhi, 
where uio is supported in : |^| < M} and Uhi is supported in : |^| > A^}. In [TT] , 
the corresponding term \uhi\'^uio can be estimated by means of bilinear estimate (Lemma 
12. 6p . However, the convolution prevents the direct interaction between uio and Uhi in 
Hartree equation, so the bilinear estimate cannot be applied. In fact, to overcome the 
difficulty we exploit Shao's estimate (Lemma l2.5p and its dual estimate in full strength to 
replace the bilinear estimates (see Section 5). Meanwhile, we adapt weighted Strichartz 
estimate ()16p in obtaining the additional regularity for the double high-to-low frequency 
cascade and soliton-like solutions, where the non-locality of the nonlinearity forces us to 
apply such estimates in different regions (see Section 6). 

The rest of the paper is organized as follows: In Section 2, we record some known 
results such as basic facts in harmonic analysis, various versions of Strichartz estimates 
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and in/out decomposition. In Section 3, we give the stability theory and the concentra- 
tion compactness result. In Section 4, we show that any failure of Theorem 11.21 must be 
"caused" by almost periodic solutions. In Section 5, we preclude the self-similar solution 
by proving that it possesses additional regularity. In Section 6, we prove the additional 
regularity in the other two cases. In Section 7 and Section 8, we preclude the double 
high-to-low frequency and soliton-like solutions. 



2 Preliminaries 
2.1 Some Notations 

We use X < Y or Y > X whenever X < CY for some constant C > 0. We use 0{Y) 
to denote any quantity X such that \X\ < Y. We use the notation X ~ y whenever 
^ ^ Y ^ ^- If C* depends upon some additional parameters, we will indicate this 
with subscripts; for example, X <u Y denotes the assertion that X < CuY for some Cu 
depending on u. We use the 'Japanese bracket' convention (x) = (1-|- We write 

L^L^ to denote the Banach space with norm 



( / \u{t,x)\''dxy''dt 



i/q 



with the usual modifications when q or r are equal to infinity, or when the domain 

j^Ijx as . 



is replaced by spacetime slab such as / x R . When q = r we abbreviate LjLl as Lj 



2.2 Basic harmonic analysis 

We recall some basic facts in Littlewood-Paley theory. Let (p{£,) be a radial bump function 
supported in the bah G M"^ : |^| < ^} and equal to 1 on the ball G M'^ : |^| < 1}. 
For each number > 0, we define the Fourier multipliers 

:=v9(e/iv)/(o, 
■.= {i-^ic/N))f{o, 

and similarly P<7v and P>n- We also define 

Pm<-<N ■= P<N — P<M = ^ Pn' 

M<N'<N 

whenever M < N. We will usually use these multipliers when M and are dyadic 
numbers; in particular, all summations over N or M are understood to be over dyadic 
numbers. Nevertheless, it will occasionally be convenient to allow M and N to not 
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be a power of 2. Note that Pn is not truly a projection; to get around this, we will 
occasionally need to use fattened Littlewood-Paley operators: 

Pn:=Pn/2+Pn + P2N. (10) 

They obey PnPn = PnPn = Pn- 

As all Fourier multipliers, the Littlewood-Paley operators commute with the prop- 
agator e**^, as well as with differential operators such as idt + A. We will use basic 
properties of these operators many times, including 

Lemma 2.1 (Bernstein estimates). For 1 < p < q < oo, 

d_d 

\\P<Nf\\Ll{Wd) "WPKNfhuKd), 
\\PNf\\L%(Jld)<Nv 9||PAr/||LP(Kd). 



2.3 Strichartz estimates 



Naturally, everything that we do for Hartree equation builds on basic properties of the 
linear propagator e**'^. 

From the explicit formula 
we deduce the standard dispersive inequality 



|e'*^/llLP(Rd) ^ |^|d(l/2-l/p) WfWhv'md^ (11) 



for all t 7^ and 2 < p < oo. 



Lemma 2.2 (Kernel estimates, |11]). For any m>0, the kernel of the linear propagator 
obeys the following estimates: 



\{PNe''^){x,y)\ <„. 



tr°'/2 :|x-y|~Aft 

Nd (12) 
: otherwise 



^ \NH\"^{N\x-y\) 



for |t| > ^ and 

\{PNe''^){x,y)\ <„iV'^(iV|x-y|)— (13) 

for \t\ < N-^. 
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Lemma 2.3 (Strichartz estimates, [21j). Fix d > 1 and call a pair {q,r) admissible if 
2 < g,r < oo, I + ^ = I and {q,r,d) ^ (2,oo,2). Then for any admissible pair (q, r) 

and {q,r), let I be an interval, let to G /, and let uq £ L^(R'^) and f £ Lf . Then the 
function u defined by 

u{t) := e'(*-*°)^no - i f e'^'-''^^ f{t')dt' (14) 

Jto 

obeys the estimate 

\Ml1LI ^ hollLi + ll/llif Lr'> (15) 

where all spacetime norms are over I x M*^. 

Lemma 2.4 (Weighted Strichartz, [I2])' Let I be an interval, let t^ £ I, uq £ 



2d 

and f £ LILx^^ be spherically symmetric. Then the function u defined by |i^[ ) obeys the 
estimate 

2(d-l) 

FI " U\\ 2^ ^\\M\Ll{W<i) + \\f\\ 2^ (16) 

for all 4 < q < oo. 

Lemma 2.5 (Shao's Strichartz estimate, p-S]). Let d> 2, for f £ L^^^(R'^), we have 



provided q > . 

Lemma 2.6 (Bihnear Strichartz, [lj,[6]). For any spacetime slab I xW^, any t^ £ I and 
any M , N > 0, we have 

d-l 

\^{P>NU){P<MV)\^2 (jy,^d)<q -[\\P>Nu{to)\\L2(^^d^ + \\{idt + A)P>NU\\ 2d 



X (\\P<Mv{to)\\L2(Rd) + \\{idt + A)P<Mv\\ 2d_ 



for all functions u, v on I x 



2.4 An in/out decomposition 

We define the projection onto outgoing spherical waves by 

[P^f]ir) = l r r'-^H^^{kr)fik)kUk 

^ Jo 2 

and the projection onto incoming spherical waves by 

1 poo 

[P'f]{r) = i^ r'-^H^^{kr)f{k)kUk, 

Jo 2 
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where -^^^^2 denotes the Hankel function of the first kind with order and 

denotes the Hankel function of the second kind with order We will write for 

the product P^Pn- 

Lemma 2.7 (Kernel estimates, |12j). For \x\ > A^~^ and t > N~'^, the integral kernel 
obeys 



[P^e^''^]{x,y)\ < < 



d-l 1 

\x\\y\) 2 2 : \y\ — \x\ ~ Nt 

— {NH + N\x\ - A^lyl)"™ : otherwise 



(18) 



I {N\x\)^ {N\y\) 
for any m > 0. For \x\ > N^^ and \t\ < N^'^, the integral kernel obeys 

|[P±e^^*^](x,y)| < _ _A N\x\-N\y\r 

{N\x\) — {N\y\) — 

for any m >0. 

Lemma 2.8 (Properties of P^, Ll2j)- We have 
(i) P+ + P^ acts as the identity on L'^^^(R^). 

(a) Fix N > 0. For any spherically symmetric function f G L^(M'^), 
with an N -independent constant. 



3 Stability and concentration compactness 

Lemma 3.1 (Stability). For every A > and e > 0, there exists 6 > with the following 
property: if u : I x R'^ ^ C approximately solves ^^ in the sense that 



with 



and obeys 



iut + Am — F{u) = e, 



||e|| _2d_ < 5 

L^L^+^ (/xRd) 

6d < A, 



and to £ I and vq £ L^(M ) are such that 



\u{to) - vo\\l2 < 6, 



10 



then there exists a solution v : I x C to (CP with v{to) = vq such that 

\\u — v\\ 6d < e. 

In particular, by the Strichartz inequality, 

\\u - ^llLi°°L2(7xRd) + eJ^. 

Proof. We first establish this claim when A is sufficiently small depending on d. Let 

V : I' X ^ C he the maximal-lifespan solution with initial data v{to). Writing 

V = u + w on the interval /" := I f] I', then w satisfies 

iwt + Aw = F(u + w) — F{u) — e 

with 

Let X := ||tt;|| ed , then by Lemma 12.31 we have 

X<C',6 + C'^(\\F{u + w)-F{u)\\ ^ +6 
<CdiA'^X + AX"^ + + (5) 

where Cd depends only on d. If A is sufficiently small depending on d and 5 is sufficiently 
small depending on e and d, then the standard continuity argument gives X < e. If A 
is large, we can iterate the case when A is small (shrinking 6, e repeatedly) after a 
subdivision of the time interval. □ 



We now need a key concentration-compactness result. The concentration compact- 
ness principle was first introduced by F. Merle, L. Vega [E] and Bahouri, P. Gerard [2] 
to study nonlinear Schrodinger equations. The idea was further developed by S. Keraani 
[To] , The results of [17j and [10] were extended to higher dimensions by P. Begout and A. 
Vargas [1] . Because the solution of the free Schrodinger equation is still a solution under 
the action of linear propagator e**"^, we will need to enlarge the group G to contain this 
linear propagator. 

Definition 3.1 (Enlarged group). For any phase 6 G M/27rZ, position xq G M'', frequency 
^0 £ IR'^; scaling parameter A > 0, and time to, we define the unitary transformation 
9e,xo,^oXto ■ Ll(R'^) by the formula 

Let G' be the collection of such transformations. In particularly, we denote by G'^^^ the 
collection of all the transformation with xq = Co = 0. We also let G' act on global 
spacetime functions u : M x M'^ ^ C by defining 
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Definition 3.2. For any two sequences gn, g'n G' , we say that gn and g'^ are 

asymptotically orthogonal if {gn)~^g'n diverges to infinity in G' . More explicitly, if 

g'n = 9e'„,C'„,x'„,x'„,t'„, then this asymptotic orthogonality is equiva- 
lent to 

Careful computation shows that if gn and g'^ are asymptotically orthogonal, then 
hm {gnf,g'nf')mm = for all /, /' E LI{R''). 



Theorem 3.1 (Linear profiles, [Ij). Fix d. Let Un, n = 1, 2, • • • he a hounded sequence in 
Ll^di^'^). Then (after passing to a subsequence if necessary) there exists a family (/>"s 
j = 1, 2, • • • of functions in L^^^(M'^) and group elements gn"* € G'^^^ for j, n = 1, 2, • • • 
such that we have the decomposition 

n„ = (19) 



for all I = 1,2, - ■ ■ ; here wl^ G L^^^(M'^) is such that its linear evolution has asymptotically 
vanishing scattering size: 

lim limsup||e**^u;^|| cd =0. (20) 

Moreover, gii and gn G C^ad '^''"^ asymptotically orthogonal for any j / j , and for any 
I > 1 we have the mass decoupling property 

I 

lim \M{un) - y M(0(^')) - M{wl)] = 0. (21) 

n— >oo '- -' 

For later use, we prove the following lemma: 

Lemma 3.2. Let gn \ gn ^ G G'^ad asymptotically orthogonal for any j ^ j' , then we 
have 



r 6 r ; 
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Proof. Since d > 3, -ttiJ), < 1- So we have 



6d 

r6r 33=2 



' ,2, ' 



4 

3<i-2 



3d- 2 
d 

1 dt 



I 



I 



4 

3d-2 



dx 



j=i k=i 



4 

3d-2 



3d-2 
d 



dx dt 



V 7 = 1 j=l P=l 



4 

3d-2 



dx 



I I 



j=i k=i 

kT^j 



+ EE/ kW'^^^) E^i'^^^^^ 



4 

3d-2 



3d-2 
d 

1 c/f 



:= j{A + B + C) 



3d- 2 

d di. 



Without loss of generahty, we can assume that all ^^-^^ are compactly supported in both 
t and X. By orthogonality, B and C vanish ss n ^ oo. Thus 



6d < 
r6 r 3d-2 — 



/ (e/|#^^^-^ 



6d 
3d-2 



3d-2 
d 



dx dt + o(l). 



Now we consider 



dx dt 



I (e/k^v^-^ 

=/E ( / |^i^v^^-^|^d-)'(E / ki^v^^^ 



6d d-2 

'"-'dxj " dt 



I I 



-I + 11. 



7 = 1 k=l 



6d 

3d-2 



dx 



6d 
3d-2 



p=i 



6d d-2 

^''-^dxl ' dt 
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We estimate / first. 



6d 
■id-2 



3d-2 
d 

dx 1 dt 



I I 



j=i p=i 



6d d-2 

'"-'dxj ' dt. (23) 



Note that it does not change the compact support of time to take space norm, and 

t 



&d 
3d-2 



dx 



we have 



9, 



' dx 



/ o 



6d d-2 

^^-'dx") dt 



Pn 

—^0 as n — ^ oo. 
We can prove similarly that II when n is sufficiently large. 



d-2 
d 



dt 



□ 



4 Almost periodic solutions 



For brevity, we write Si{u) to denote \\u\\ ea in this section. If I = M, we write 

LfL|^(7x]Rrf) 

(u) = S{u). 



Proposition 4.1. Fix ji and d, and suppose that mo is finite. Let x R'' C for 

n = 1, 2, • • • be a sequence of radial solutions and tn & In o, sequence of times such that 



lim sup M(ii„) = mo, 



and 



lim S>t„{un) = lim S<t„{un) = oo. 

n— »oo n— ♦oo 

Then the sequence GradUnitn) has a subsequence which converges in Grad\L\ 



Proof. By time translation invariance, we may take in = for all n. Then we have 

lim S>o{un) = lim S<o{un) = oo. 
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We consider the sequence of {un{0)}. Since limsupM('u„(0)) = mo, we have by concen- 

n— >oo 

tration compactness principle that 
I 

MO) = Yl V^^) + <; with g^J^ = )e^*"^ and h^J^ G Grad- (24) 
i=i 

Moreover, we have the asymptotic orthogonahty: 

IK(0)||L=5^||^(^-)||L + |K||L+o(l), (25) 
i=i 

and 

Um sup S{e'^^wl) ^0 as / ^ oo. (26) 

n^oo 

Claim: For any e > 0, sup mo — e doesn't hold . 

j 

Otherwise, there exists eo > such that M {ip^-'^) < niQ — eo for any j = 1,2, ■ ■ ■ . Suppose 
v^^"^ is the nonlinear profile associated to ip'^^^ and depending on the limiting value of tn\ 
namely, 

Jit If tn is identically zero, v^^^ is the maximal-lifespan solution to ([T|) with initial data 

Jit If tn converges to +oo, v^^^ is the maximal-lifespan solution to ([1]) which scatters 
forward in time to e'^^^4)^^\ 

Jft If tn converges to — oo, v'^^^ is the maximal-lifespan solution to ([1]) which scatters 
backward in time to e'^^^<f)'^^\ 

Let ^ 

4')(t) = T,u^ [^^'H- + ti)] it) + e^'^wl (27) 
i=i 

then we have 

lim lim ^(ii^^)) < +00. (28) 

1^+00 n— ►oo 



In fact, by Lemma 13.2^ 

I 

lim lim [5(nW)]6 < Hm y[5(t;(j))]^ 

Meanwhile, by (|2ip . for any e > sufficiently small, there exists jo such that 

ll'/'^^^llia < for all j > jo- 
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6d 



Note that T^j preserves LfL^"^ ^ norm, by the small data theory, we conclude that for 
any j > jo, the maximal lifespan I^^ = R and 

It follows that 

j>jo j>jo 

where we use the mass decoupling property. For j < jo, by the definition of mo and the 

fact that ||i'''"'-'(0)llL2 < ruQ — eq, we conclude that the maximal lifespan /(-^^ = R and 
S{v^^^) <C . Therefore, we have 

lim lim < oo. 

l^+oc n—>-co 

(i) 

Meanwhile, by mass decoupling and the fact that /i„ preserves mass, we get 



lim M(«W(0) -u„(0)) = lim M(^(r (,) + i^j](0) - ^(^^(j))) 

i=i 

< lim J]M(r(,)[t;(^)(.+i^J](0)-#¥'(^)) 

n-->oo ^ — ^ 

i=i 

n— >oo ^— ' 

I 

= lim y Miv^^\ti) - e'*'"^(^(^')) = 0, 

n— >oo ' 
J=l 

where the last inequality follows from the definition of nonlinear profile. 
Finally, we claim that 

(iat + A)4')-F(4')) 24=0. (29) 



lim lim sup 



1-27-3+2 



In fact, write 

v^) ■.= T^U)[v^^\.+ti)\. 

• l-rt. 



By the definition of , we have 



and 
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Moreover, 



(i5t + A)4')-F(^.«) 



2d 
3+2 



< 



2d . 

3+2 



So it suffices to prove 



lim lim sup 



f 2r^+3 



and 



lim ||^F(^0-))_i.(^„0-); 
i=i i=i 
By Hardy-Littlewood-Sobolev inequality, we get 



r2 r 



(30) 



(31) 



2d 
r2rH+3 

<|| iiA (/)|| ||,,(0||2 I ||pitA„,(0||2 ||„,(0|| I llpitA (0||3 



r 6 r 3d— 2 



Thus pop follows from ff28j) and ()26p . For (l3T]) . by Minkowski inequality, we have 
I I 



i=i 



2d 

r2 r d+2 



Yl ||(^* (^i^'^i'l^'^))^'^^'^ 



ii7^i2 -^t^oo hi^h 



Id 

r 2 r d+2 



02) 



2d , 
7-2 r d+2 



Since for any j = 1, 2, • • • , Z, is the radial solution of ([T]) with data (p^-'\ Wf^'''^ — 
niQ — e, it follows from mass conservation and the definition of niQ that 



Wv^ri^W 6d <C. 

r6r3d-2 
J^t ^x 

Therefore, this together with orthogonality yields that 



(32) 



< 



t2t d+2 
^x 



3d 1 1 'v!^^ ^ j I 6d 
t3t 3d-2 II " r6 r 3d-2 

J^t J^x J^t ^x 



<|L,{ii),,{i2)|| „, 

Til od—z 
^x 



0, as n — > 00. 



On the other hand, note that v^^'^ is radial, hn^ G Grad and that the orthogonality must 
be possessed by time variable, we have 



2d — > 0, as n — > 00. 

r2 r d+2 
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Thus, ()3ip follows. At last, by stability, we conclude that lim S(un) < oo. This 

n^oo 

contradicts the hypothesis. 

From the above claim, it follows that 1 = 1. So u„(0) = hne^^"'-^(p + Wn with M{ip) = 
mo- Thus M{wn) 0, which implies that S{e^^^Wn) — > as n — > oo. Without loss of 
generality, we may take hn to be identity. If — > 0, then Un{0) — > (p. Thus GradUn{0) — > 
GradV in G\L'^. It suffices to consider the case of t„ — > ±00. We only consider the case 
of tn — > +00, the other case is similar. Then we have 

lim S>o(e**^nn(0)) = lim 5>o(e**^/i„e**"^(^) = lim S>o{ThJ'^e''-^^) 

n— >oo ~ n—>oo ~ ^ ' n^oo ~ ^ ' 

= lim 5>o(e*(*+*")^(p) = lim 5>t„ (e**^(^). 
Since S{e^^^(p) < +00, we have 

lim 5>t„(e^*^v9) = 0. 

n— >oo ~ 

By stability again, we have lim S>o{un) = and we reach a contradiction. □ 

n^oo 

Proof of Theorem \1.3l We will only prove the first half of the theorem because the 
proof of the second half is identical with that of [TT] , which relies only the structure of 
group Gradj pseudo-conformal invariance of ([1]) and is combinatorial. 

Suppose Theorem 11.21 failed, then there exists a sequence of radial solutions Un of 
(fTl) with Miun) < rriQ and lim S(un) = +00. Suppose Un is maximal lifespan solutions, 

n—ioo 

then there exists tn S In such that lim S>t„iun) = lim S<u(un) = 00. By translation 
invariance, we may take t„ to be zero. From Proposition 14.11 it follows that there 
exists uq S such that G'rad'Un(O) —>■ GradUQ, namely, gnUn{0) — > uq for some gn G 
Grad- Without loss of generality, we may assume that gn is identity. Thus Un{0) uq. 
Moreover, M{uo) < tuq. 

Let u be the radial solution of ([T]) with initial data uq, then u blows up both forward 
and backward in time. In fact, if u doesn't blow up forward in time, we have S>q{u) < 
+00. By stability, we have limsup5>o(itn) < +00. This contradicts the asymptotically 

ra— >+c» 

blow-up. Similarly, we can prove that u blows up backward in time. By the definition 
of mo, we have mo < M(no). Thus we have M{uq) = rriQ. 

Now we consider any sequence Gradu{t'^) for t'^ £ In- Since u blows up forward and 
backward in time, we have S>t'^{u) = S<t'^{u) = 00. Then by Proposition 14. 1^ we have 
Gradu{t'n) Grad^o (up to subscquence) . Therefore, {Gradu{t),t S /} is precompact in 

Grad\Lx- 

Proposition 4.2 (Spacetime bound). Let u be a non-zero solution to (OP with lifespan 
I, which is almost periodic modulo G with frequency scale function iV : / — > M+. // J is 
any subinterval of I, then 

/ N{tfdt<u / ( / \u{t,x)\^dx)~dt<ul+ / N{tfdt. (33) 

J J J J ^ JR-i ' J J 
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3d-2 



Proof. We first prove that 

(/ \u{t,x)\^dx)~dt<ul+ I N{t)^dt. (34) 
Let < 7/ < 1 to be chosen momentarily and partition J into subintervals Ij so that 

r//2 < / N(tfdt < T], (35) 

this requires at most rj^^ x RHS (|33p intervals. For each j, we may choose tj G /j so that 

N{t,f\I,\<2rj. (36) 
By Strichartz estimates, we have the following estimates on the spacetime slab Ij x M'^ 



\U\\ dd 



U\\^ 6d 



II Il3 

„ 6d + \\U\\ Qd 



SW>No{tj)\\Ll + \Ij\^N^\Htj)\\Ll + \\u\f ed 

T 6 T -id— 2 



S\u>Noitj)\\Ll + \\u{tj)\\Ll + \\u\\ _6d_ 
^ ^ r6 r 3d-2 



Choosing Nq as a large multiple of N{tj) and using Definition [T31 one can make the first 
term arbitrary small. Choosing r/ sufficiently small depending on M(u), one may also 
render the second term arbitrarily small. Thus by the bootstrap argument we obtain 



3d-2 



{ / \u{t,x)\'^dx) dt<T]. 

V had J 



So (j34p follows if we use the bound on the number of intervals ly 
Now we prove 

( \ |n(t,x)|^dx) ' dt>^\ N{tfdt. (37) 

Using Definition 11.41 and choosing r] sufficiently small depending on M{u), we can guar- 
antee that 

[ \u{t,x)\^dx>ul. (38) 

J\x-x{t)\<C{rj)N{t)-'^ 

By Holder inequality, we get 



/> 3d 

\u{t,x)\^dx> ( / \u{t,x)\'^dx)'''^N{t)^^ 

^ J\x-x{t)\<C{v)N{ty^ ^ 



Using (|38l) and integrating over J we derive (I37|l . □ 
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5 The self-similar solutions 



This section is devoted to proving Theorem II. 4i Let u be as in Theorem 11.41 For any 
^ > 0, we define 

M{A) := sup |h>AT-i/2(7')||^2mdv (39) 

cS(yl) := sup ||u>^5.-i/2(T)|| w , (40) 

r>0 L^LS {[T,2T]xR'') 

AA(^) :=sup||P>^r-i/2F(n)|| 2, , (41) 

T>0 L2l^+2 ([T,2T]xR<*) 

where tt^^jn_i/2 (T) = Py^j,-i/2u{T). To prove Theorem 11.41 it suffices to show that for 
every s > 0, 

M{A) <s,u 

whenever A is sufficiently large depending on u and s. From mass conservation, Propo- 
sition 221 self-similarity and Hardy-Littlewood-Sobolev inequality, we have 

M{A)+S{A)+M{A)<ul (42) 

for all ^ > 0. From Strichartz estimates, we also see that 

S{A)<M{A)+MiA) (43) 

for all yl > 0. A similar application of Strichartz estimates shows that for any admissible 
pair {q,r), 

II^IIl«LJ([T,2T]xR'*) 1 (44) 

for ah T > 0. 

Lemma 5.1 (Nonlinear estimate). For all A > 100, we have 

M{A) S S{^)M{VA) + A-^^[M{^) +mA]. 



Proof. It suffices to prove that 

,A^ . . ,,A. .r,A. 

r2 r d+2 



P^^^.i(F(n)) _^_^S5(^)-M(VA) + A-^[A^(|)+AA(4)] (45) 



for arbitrary T > 0. To do this, we decompose u as 

u = u ^ i+if, 1 ^ i-|-n _ 1. 

Then any term in the resulting expansion of (-F(u)) that does not contain the 
factor of u 1 1 vanishes. 
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Consider the terms which contain at least one factor of 



1 . The term 



which contains three factors of u , i or which contains two factors of u , i 
and one factor of u^^^_i can be estimated similarly. By Holder inequality, Hardy- 
Littlewood-Sobolev inequality, ([39|) . (|10]) and (HH), we have 



V * (u , lU, 



« , X ^, 1 — 1 )U 

— S o — 



2d 

i?i^{[T,2T]xM'i) 



< 



y * 1 1 U, 1 _ 1 ' 



ad 

L^L^([T,2TlxI 



|n|| 6d 

3d-4 



L'^LS ([T,2T]xI 



U 1 1 M, 1 1 



3d 

L6l|^([T,2T]xI 



'>i^^-*''L?L|^[T,2T]xR<^)''V^-*>->V^^-*''^^^^([^'2^1><^ 

<5(4)-M(V^), 



and 



V * (u , iu)u, 1 _ 1 



2d 

L2l^+2([7-^2T]xI 



< 



<\ 



V * (u , lu) 



1 U 



d 

L2l^([T,2T]xI 



( [T,2T] X R<*) " AT- ^ > ■> VAr- 2 1 1 Lr ([2^-2T] X I 



L^tLx ([T,2T]xR'*) L3Li?''-*([T,2T]x 



<5(|)A^(^/A). 

Similarly, we have 



1 ^ 1 u) it , 1 



L|L^^+2([r,2T]xR'*) o 



Finally, we consider the terms with one factor of u , i and two factors of 
u ^ _i. First, by Holder inequality, Lemma [2.11 Lemma [2.61 ([39]) . (jlT]) and (jH]), 

< v AT ^ 
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we have 

V * (u , lU ^ \\u _ 1 

^ >\AT'^ <Vat'^' <Vat~^ 



LlLi+'^ ([T,2r]xIR'') 



»'^>\AT-h'^<VAT-h Hi?,: 



{\AT- 

<uA~"-^ {\\P^,_^^-^^nm)\\Ll + \\{idt + A)P^,^^_^u 



xlWP _ iu(to)\\L2 +\\(idt + A)P ^ lull 2d 



^ ,1 t*-! 



Now it suffices to estimate 



* lii ^ 1 P)n , 1 



2d 

L2l^([T,2T]xII 



We divide it into two terms. 



< 



^ 1 n , 1 
(v ^ 1 , le 



2d 

i?i^([T,2T]xIl 



i(t-T)A 



u(T) 



2d 

L2l|+^([T,2T]x1 



+ 



y * |u ^ 1 I 



P , le 



i(t~t' 



^^F{u{t'))dt' 



2d 

iti^([r,2T]xl 



Let 



2d + 6 
d + 1' 



d d + 2 



d + 3 



> 



and qi, ri, r2 satisfy 



1 1_1 1 1 _d + 2 1 _ 1 d-2 + s 
qi q 2^ ri q 2d ' ri r2 d ' 

which yields that 

2 d _d 
2^^2^~2' 

Thus, By Holder inequality, Sobolev imbedding. Lemma \27\] Lemma [231 and 



we 
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have 

/ <||y * \u 



<VAT-h^ IIl?il?([T,2T]xR<^)IF>i^T-^ 



i{t-T)A 



u{T)\ 



L« ([T,2T]xI 



<c^||ivr(i 



U 



/AT- 2 I illL?iL?([T,2T]xRd) 



. i ^ ^ — ^ d d-\-2 

Now we estimate //. By duality and Lemma 12.51 we get that 

Therefore, this together with Lemma 12.31 yields that for q > 
Jr 



(46) 



< 



sup 



"Lf 

t,x 



sup 



{ PNe''^'~''^'^F{t')dt',g{t,x))dt 



f e-'''^F{t\x)dt' [ PNe-''^g{t,x)dt 
Jr i^l Jr 



LI 



d d+2 

<N^-—\\F\\ ^. 

r 2 r a+2 

From this and Christ-Kiselev lemma (see [21]), we get that 
ft 



^ P^.e^(*-*')^P^,^^_.F(n(t'))dt' 



Similar to the estimate of /, we get that 



d 2d 

< CN2-d+2\\p ,F\\ 2d . 



Lemma 5.2 (Qualitative decay). We have 



lim MiA) = lim S{A) = lim AT (A) = 0. 

A—*oo A^oo A^oo 



□ 



(47) 



Proof. Since u is almost periodic modulo Grad and self-similar, for any r] > 0, there 
exists C(r/), such that 



^ \u{T,Ofd^<r,. 
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In particular, when A is sufficiently large, we have 



Therefore, we get 



/ ^\u{T,0\^dC<r,. 
J\^\>AT-^ 



lim M{A) = 0. 



From Lemma l5.ll and ()42p . we have 



Finally, (03]) yields 



M{A) <S{-)M{^) + w« [M{-) +N{-)) 
<uM{y/A) + A'"^ ^ Q as yl^oo. 

S{A) < M{A) + Af{A) ^0 as ^ ^ oo. 



□ 



Proposition 5.1. Let < rj < 1. Then if A is sufficiently large depending on u and r], 



5(A) <r/5(^)+yl-W6. 



(48) 



In particular, S{A) <„ A 2d+6 for all A> 0. 



Proof. Fix rj G (0, 1). It suffices to show that 



U 1 



A. 



_6d_ < r]S( — ) + A 2d+6 



(49) 



for ah T > 0. 

Fix T > 0. By the Duhamel formula and then using Lemma 12.31 we obtain 



U 1 



6d 

L^L^^ [T,2T]xI 



< 



P ie^(*-i)^n(-^ 



+ 



P 1 F(n) 



2ti 



First, we consider the second term. By definition, we have 



LP 



.F(u) 



< 



Using Lemma 15.11 and Lemma 15.21 we derive that 



M{A/2). 



\P ^^_iF(n)|| 2d <RHS 



Thus the second term is acceptable. 
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Figure 1. Interpolation game board. 



Now we consider the first term (see Figure 1). In fact, we will show that 



>AT-^ ^ 2 ' 



2(d-l)(ci-2) 
< ^ 3(4d2-5d-2) 



(50) 



which is acceptable, since ^fij;^^1^5d-2) ^ 2dT6 



l^lF"^ [r,2T]xI 

for all d > 3. From Shao's Strichartz 



estimate pT|) . we have 



<CM-^\\fh2. 



Meanwhile, the Strichartz estimate gives 

\\e''^f\\L^L'i<C\\fhl. 
Interpolating between ([5T]) and ([52]) with 6* = 2/3, we have 



3d 6d <CM-^||/||i|. 
r a— 1 r 3d— 2 ^ 



Thus, from the mass conservation, we have 



1 e 

BT~T. 



(51) 



(52) 



(53) 



(54) 



Using the Duhamel formula, we write 



BT~1. 



for any e > 0. By self-similarity, the first term of RHS converges strongly to zero in 

6d 

as e — > 0. By Lemma l2.lt it also converges to zero in Lj''"^. Thus using the dispersive 
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estimate ()TT|1 . we obtain 



Br ^ 2'"r«+2;-3d-2(jy_2T]xRd) 



T 



1 



\t-t'\3 



-\\F{u{t'))dt'\\ 6d 



L*''+-'([T,2T]xRd) 



<T4dT2-i y 11^(^^)11 6d 



^^^^ 1 \ - 1, 

<2"4d+2 3 \ 7-6 



0<r<- 



n 18 18d 

Lt"^L|^^^([r,2r]xIRd) 



where tlie last inequality comes from (|44|) . Interpolating between this estimate and 



with 9 = -^z^jZ2) we obtain that 



6d 

L6L^'*-2 ([T,2T]xM") 

Summing this over dyadic B > A yields ()50p and MSh . 

Finally, we explain why (j48p implies 5(A) A" 25+6. Choosing rj = ^. Then there 
exists ^0 depending on u, so that (|48p holds for all A > Aq. By (j42p . we need only 
bound 5(A) for A > Aq. 

Choose fc > 1 so that 2~^''A < Aq < 2~^(^~^)A. By iterating ([MD times and using 
S{A) < [1 + r/2 W6 + . . . + (??25^F6 )] ^- 23T6 + r^''S{2-'^''A) 

Note that the last inequality uses the way we choose r] and k. □ 
Corollary 5.1. For any A > 0, we have 

MiA) +Af{A)+S{A) <u A~^. 



_ 2(d-l)(d-2) 



Proof. The bound on S{A) was derived in Proposition 15.11 This together with Lemma 
Oand (jHI) yields the bound on Af{A). 



We now turn to the bound on M{A). By Corollary [TTT 



>AT-i/2 



A:=0 



AT-t')A 



2*T 



>ylT-l/2 



F{u{t'))dt' 



LI' 



(55) 
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where weak convergence has become strong convergence because of the frequency pro- 
jection and the fact that N{t) = t~^^'^ — > as f — > oo. Combining (j55p with Strichartz 
estimates, (p9]) and (flTI) . we get 

oo 

M{A) = sup \\P^at-^/MT)\\lI < Y.M{2'''^A). (56) 
The desired bound on M{A) now follows from that on M{A). □ 

Proof of Theorem \1.4\ Combining Lemma 15.11 with Corollary 15. H one has 
M{A) <u A-™[5(|) +A^(|) +AA(|)]. 
Together with (fSSll and (f56|) . this allows us to deduce 

S{A)+M{A)+Ar{A)<uA"'' S{A)+M{A)+Ar{A)<uA-''-^^ 
for any o" > 0. Iterating this statement shows that u{t) S H^{M.'^) for all s > 0. 

Corollary 5.2 (Absence of self-similar solutions). There are no non-zero spherically 
symmetric solutions to (OP that are self-similar in the sense of Theorem \ 1.31 

Proof. By Theorem 11.41 any such solution would obey u{t) € H^CR!^) for all t G (0, oo). 
Then there exists a global solution with initial data u{to) at any time to G (0, oo); recall 
that we assume M{u) < M{Q) in the focusing case (see [T3], [IS]). On the other hand, 
self-similar solutions blow up at time t = 0. These two facts yield a contradiction. □ 



6 Additional regularities 

This section is devoted to the proof of Theorem 11.51 Before giving the proof, we record 
some basic local estimates. From mass conservation we have 

\\u\\LfLl 1, (57) 
while from Definition 11.41 and the fact that N{t) is bounded, we have 

lim \\u>N\\L?°mRxRd) = 0. (58) 

From Proposition 14.21 and N{t) < 1, we have 



1 



\\u\\ 6. <u{\J\)-^ (59) 

L^LS (JxR'*) 

for all intervals J C M. By Holder's inequality and Hardy-Littlewood-Sobolev inequality, 
this implies 

||F(n)|| ^ (60) 
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and then by Strichartz estimates (Lemma 12. 3p . 

1 

lkllL«LJ(JxRd) ^ (61) 
for any admissible pair {q,r). Similarly, the weighted Strichartz estimates imply that 

2(d-l) 1 

llkl " u\\ 2, <u{\J\)~^. (62) 

i?ir^(jxR'*) 

Now for any dyadic number A^, define 

M{N) := \\u>n\\l^l2{rxR'1)^ (63) 
then we see that M.{N) <„ 1 and 

lim M{N) = 0. (64) 

To prove Theorem ll.51 it suffices to show that M{N) ^u,s -/V~* for any s > and all 
N sufficiently large depending on u and s. This will immediately follow from iterating 
the following proposition with a suitably choice of small rj (depending on u and s): 

Proposition 6.1 (Regularity). Let u be as in Theorem \1.5\ and let ij > be a small 
number. Then 

M{N)<.aVM{^) (65) 
whenever N is sufficiently large depending on u and rj. 

The rest of this section is devoted to proving Proposition 16.11 Our task is to show 
that 

f N\ 

\\u>N{tQ)\\Ll{R<i) <u VM\^ — j 

for all times to and all N sufficiently large (depending on u and r]). By time translation 
symmetry, we may assume to = 0. By Corollary 1.1, we have 

u>n{0) =(P+ + P~)u>n{0) (66) 

= lim i [ P+e-'^^P>NF{u{t))dt - i lim / P~ e-'^^P>NF{u{t))dt, 

where the limit is to be interpreted as a weak limit in L?' . However, this representation 
is not useful for |x| small because the kernels of P^ have a logarithmic singularity at 
X = 0. To deal with this, we will use a different representation for |x| < A^~^, namely 

u>n{Q) = lim i [ e-'^^P>NF{u{t))dt, (67) 

also as a weak limit. To deal with the poor nature of these limits, we use the fact that 
/t — > / weakly along a subsequence ^ ||/|| < lim sup ||/t||, 
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or equivalently, that the unit ball is weakly closed. 

Despite different representations will be used depending on the size of some 
estimates can be dealt with in a uniform manner. The first such example is a bound on 
integrals over short times. 

Lemma 6.1 (Local estimate). For any rj > 0, there exists 6 = 6{u,ri) > such that 



f N 
/ e-^'^P>NF{u{t))dt <uVM{-), 
Jo ° 



provided that N is sufficiently large depending on u and rj. An analogous estimate holds 
for integration over [—6, 0] and after pre-multiplication by {they are bounded operators 
on L^.). 

Proof. By Strichartz estimates, it suffices to prove 

\\P>nF{u)\\ ^ <urjM{^) 

for any interval J with length | J| < (5 and all sufficiently large depending on u and ij. 
From ([58j) . there exists Nq = NQ{u,r]) such that 

\W>No\\L^Ll(RxRd-) < rj^. (69) 

Let > SNq. We decompose 

U = UyN + UNo<-<f + '^<No- 

Any term in the resulting expansion of P>nF{u) that doesn't contain the factor of ti>iv 

— 8 

vanishes. 



At first, we consider the terms with two factors of the form u^Nq- Using Holder's 
inequality, Hardy-Littlewood-Sobolev inequality, (|57p and Lemma l2.H 



\{V*{U NU<No))u<No\\ ^ 2d <||^* (^^>ivn<ivj|| 2d J\u<No\\ ^ 2d 



<II'U ]vM<Aro|| 2d \\u<:No\\ 2d 

8 LfL^^ (JxR'i) LfLS^iJxI 



<\ 

I 



'">iv ||l?»L2 ||M<Afoll^ 2d 



LfLj^iJxRd) 



1 N 

<\J\-2NoMi-) 



and 

,2 



2 A^ 
LfL^-^iJxR'i) 8 

<\J\'^NoM{^). 
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Choosing 5 sufficiently small depending on r] and Nq, we see that they are acceptable. 

It remains only to consider those components of P>nF{u) which involve UyN_ and 
at least one of the other terms is not n<7Vo- 

||y * (U. JVli>Aro)u|| _2d_ ^11^ * (^^iVn>iVo)|| 2d _2d_ 

<||'W>^||i°o^2fJxIRd)|h>Afo|| , 2d (l-^l)*- 



1 



By del]), we get 



Therefore, by interpolation between this and (j69p . we have 

LfL^'-i (JxR'*) 

Thus, we obtain that 

N 1 

\\v *{u NUyNoM ^ 2d <nM{—){\J\)2. 

Similarly, we can estimate 

\\V*{U^MU)U>N,\\^^^^P^^^^^^ ^11^* (">f ^)llL2L^(JxR<*)lh>^o|L,coL2(^,j 



< 



---^11 > 



nU\ 



8 "r2rd-l 



r>A^o||Lt°=L2(JxI 



LfLS~ (Jxl 

-ll^>f llL-L2(JxRd)|h>M,|Lc,oi2(JxIRd)lkll^^^^^^^^^ 



where the last inequality comes from (1691) . Another term y* (u>m„u)u^ n 2d 

II V - / >Tlli2id+2(jxMd) 

can be similarly estimated. □ 



We now turn our attention to \t\ > 6. In this case we make the decomposition 



M>N 



where Pm '■= Pm/2 + + P2M- In this way, ([671) becomes 



u>NiO,x) = i / e~'^^P>NF{u{t))dt 
Jo 



+ lim V i / / [PMe-**^](^,y)[nfi^(n(t))](y)dydt, (70) 
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which we will use when |x| < ^. The analogous reformulation of (166p . namely 

u>NiO,x) = i P+e~'^^P>NF{u{t))dt-i p- e-'^^P>NF{u{t))dt 
Jo J-s 

+ hm r [ [P^e-''^]ix,y)[PMF{uitmy)dydt (71) 

- hm Y.'l I [PM^-'''']{x,y)[PMF{u{t))]{y)dydt, 



will be used when \x\ > N 



-1 



The next lemma bounds the integrals over the significant region \y\ > M\t\. Let Xk 
denote the characteristic function of the set 

{{t,y):2''6<\t\<2''+'6,\y\>M\t\}. 

Lemma 6.2 (Main contribution). Let i] > be a small number and let 6 be as in Lemma 
\6.1[ Then 



EE 



M>N k=0 



2*= (5 



[PMe-''^]{x,y)xkit,y)[PMF{uitmy)dydt ^^<^^Mi-) (72) 



for all N sufficiently large depending on u and r]. An analogous estimate holds with Pm 
replaced by P^j and P^; moreover, the time integrals may be taken over [—2^~^'^6, —2^(5]. 



Proof. By Strichartz estimates, we get 

[PMe-''^] {x, y)xk (t, y) [PMF{um [y)dydt 



2''5 



We first consider 



< 



\Xk{y*\u\ )PyMu\\.i.2 +\\XkUP^M{V *\U\ ) _2d^. 



Xk{V * \u\^)P^MU 



< 



< 



Xk{V* \u\ ) 

Xk{y) 



r 1 r oo 



P^KlU 



|u(a;)| 



J oo J 2 
^y 



rdx 



+ 



Xk{y) 



|x-y|>M \y - x\^ 
\u{x)\'^ 



T 1 T 

dx 



\x-yW4 \y-x\ 



r 1 r oo 



On one hand, 



Xkiy) 



|u(x)p 

\x-y\>4 \y - X\ 



■dx 



^ IUfc(y)|y| lii^oolkllL-Lg 



r 1 r oo 
^y 



<u (M2^(5)-2(2'=(^) 
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On the other hand, by weighted Strichartz estimates, Holder's inequahty and (1621) .taking 
p=|-i,g = 2(i-|and0 = ^ = 1^ < 2, we have 



Xkiy) 



\x-y\<^ 



\y - x\ 



/■ 1 r oo 



< 



< 



< 



< 



2(d-l) Q 

Xk{y)\y\ " 



2(d-l) g 

Xk{y)\y\ " 



2(d-l) g 

\y\ " \u{x)\' 



|x-y|<M 



|a-y|<M 



2(d-l) , 



|x| 9 \u{x) 
\x - y|2 



-dx 



2(d-l)g 


1 




2(d-l) 


<3 


^M<¥ 1 • p 




\x\ 1 \u\ 



Xk{y)\y[ 



g d-2p 

Xk{y)\y\ " \y\ " 



J It o 



T 1 T ^ 

^y 



^ F 72 
9^11 "Li. 



r 1 r oo 
^t^y 



2(d-l) 
2p |||x| 9 



2g. r oo r 2 



<n (M2'=<5 

Therefore, we have 



— +^-^ 2p-i , e 2p-i , i-p 



2(2d-3) _2d-5> 2d-5 



XkU^M{V *\u\') <M 2d-i 2 2d-i"5 ^'-'^{tTa 
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(73) 



At last, by means of Bernstein, weighted Strichartz estimates and (I62p . we have 

" r 2 r d+2 

' KM{y*\u?) 



< 



\XkU\\. 2roo 



T oo T d+2 



d-2 



|xfc|y| ''2' 



r 4 r 00 
'^t ^y 



llyr^'nll 4roo||^>M(|np)| 



r 00 r 1 



<M- — iM2''6r — {2''6)H2'5)-^\P^Muh^L2juh^Ll 
<uM-^{M2Hr^{2H)^2^5)'^M{^) 

2d-3 d-2 7, d-2 , N s 

= M — —2-—''6~—M(—). 



Thus the LHS of ([72]) can be bounded by 

2(2d-3) 2d-5 
( _/V 2d-l 2d-l -|- 

This is acceptable as long as we choose sufficiently large depending on 6 and rj. □ 



2(2d-3) 2d-5 2d-3 d-2, ,N, 

(N 2d-i s 2d-iJ^N — 2-<5 — —)M(—). 
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Now we turn to the integration over the region of (t, y) where \y\ ^ M\t\. In jl2| . 
the bounds of the kernels of the propagators have been shown to be 

|PMe-**^(x,y)| + |P±e-*^(x,y)| < y) (74) 



(M2|t|) 
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where 

^'^""'^ {M{x-y))^od + (^Mx)^ (My)^ {M\x\ - M\y\)50d- 
Furthermore, by Schur's test, it is the kernel of a bounded operator on L^.(M'^). 
Let Xk be the characteristic function of the set 

: 2^6 < \t\ < 2''+^d, \y\ < M\t\}. 

Lemma 6.3 (The tail). Let r] > be a small number and let 5 be as in Lemma \ 6.1 
Then 



M>N k=0 

for all N sufficiently large depending on u and rj. 

Proof. By Strichartz estimates, Hardy-Littlewood-Sobolev inequality, Holder inequality 
and (I6ip . we have 



^"''^'"'^^ Xk{t,y)[PMF{u{tmy)dydt 



(M2|t|)50^ 



<{M^2''6)-'^''\\xkPMF{u)\\^,^, 
<{M''2^5)-'^''\\u^Mh^L2\\uf ^ 

- L2^^([2'=<5,2'=+i<5]> 



Summing over A; > and M > N, we get 

E Ell / /,7^lMx.(t,y)[PMFK0)](yMy^t||^ S (iV^5r^^'^A^(-'^^ 

M>iVfc=o" ^^^^ 1*1^ ^ " 

The claim follows by choosing sufficiently large depending on 5 and rj. □ 



Proof of Proposition Naturally, we may bound ||m>7v||2,2 by separately bounding 
the L^ norm on the ball {|x| < A^^^} and on its complement. On the ball we use (j70p 
while outside the ball we use (j7ip . Invoking (|68p and the triangle inequality, we reduce 
the proof to bounding certain integrals. The integrals over short times were estimated 
in Lemma |5. II For \t\ > 6, we further partition the region of integration into two main 
pieces. The first piece, where |y| > M\t\, was dealt with in Lemma 16.21 The remaining 
piece, \y\ <C M\t\, can be estimated by combining ()74p with Lemma[ 
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7 Double high-to-low frequency cascade 



In this section, we use the additional regularity provided by Theorem 11.51 to preclude 
double high-to-low frequency cascade solutions. We need the following lemma: 

Lemma 7.1 (Gagliardo-Nirenberg inequality of convolution type, [16j). Let V{x) = 
and 

hLv-iff \uix)\^V{x-y)\u{y)\^dxdy)\ (75) 

then 

"''"^"-M^"''"^'"^''"'" ^^^^ 
Theorem 7.1 (Absence of double cascades). There are no non-zero global spherically 
symmetric solutions to (QP that are double high-to-low frequency cascades in the sense of 
Theorem \1.3l 



Proof. Suppose there exists such a solution u. By Theorem 11.51 u lies in C^Hl(R. x 
Hence the energy 

E{u{t)):=-[ \Vu{t,x)\^dx + ^ [[ M^}lMy}ldxdy 
2 jRd 4 yy^dxiRd \x-y\^ 

is finite and conserved. As we have M{u) < M{Q) in the focusing case. Lemma [7.11 gives 

\\'^umlu^^)-uE{u)r^ul (77) 

for all t G M. Since 

liminf iV(t) = liminf 7V(t) = 0, 

t^ — oo t^+oo 

there are two time sequences along which N{t) 0. 

Let r] > he arbitrary. By Definition 11.41 we can find C = C{r],u) > such that 



I 



'\i\>CN(t) 

for all t. Meanwhile, by Theorem [Lll u G C^H^{R x M^) for some s > 1. Thus, 

\cnuit,o\^dc<ui 

'm>cN{t) 

for all t and some s > 1. By Holder inequality, we obtain 

Jm>CN(t) 

On the other hand, from mass conservation and Plancherel's theorem, we obtain 

\Nn{t)h,j^,) <„ r,(^-^)/^ + CN{t) 

for all t. As r/ > is arbitrary and there exists a sequence of times t„ — > ±00 such that 
^(tn) — > 0, we conclude that || Vn(tn)||£,2(Rd) ^ 0, as n ^ 00. This contradicts with 

dza. ^ □ 
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8 Death of solitons 



Let 

Ma{t) := 29 / u{t,x)a{x) ■ Vu{t,x)dx, 
then we have (see jl4j for similar calculation) 

dtMa{t) = — I A((?jaj)|n(t, x)p(ix + 43? / dkajUjUkdx 

-^i [[ (aix) - a{y)) ■ VVix - y)\uit,x)\^\uit,y)\^dxdy. 



Lemma 8.1 (Localized virial identity). Let a{x) = , where ijj is a smooth function 

and Tp{r) = 1 when r < 1; ip = Q when r > 2. Then we get 



dtMa{t) =8E{u{t)) 



d"^ - I ,,/|xk 2d + l „Ax\ 



I R\x\ 



\x\ 

'r 



+ 4 

+ 2^ 



V'(^)-l + ^V''(^)]|V^(i,.)|2dx 



(78) 
(79) 



R 



x-y 

\x — 7/1^ 



\u{t, x)\'^\u{t, y)\'^dxdy. 

(80) 



Proposition 8.1. There are no non-zero global spherically symmetric solutions to ^^ 
that are soliton-like in the sense of Theorem I j . 31 



Proof. Assume to the contrary that there is such a solution u. Then by Theorem 11.51 
u € C^H^ for some s > 1. In particular, 

\Ma{t)\ <u R. (81) 

Note that in the focusing case, M{u) < M{Q). As a consequence, Lemma [7T] gives 



E{u)>u I \Vu{t,x)\^ >0. 



(82) 



We will show that (|78p - (j80p constitute only a small fraction of E[u). Combining this 
fact with Lemma [8. H we conclude dtMa{t) > E{u) > 0, which contradicts with (j8ip . As 

s — 1 

in [12], (j78|) and ([79]) can be bounded by R~^ and r/~ + r/, respectively, where > 
is a small number to be chosen later. The rest of this section is devoted to estimating 
(El. 



By Definition 11.41 and the fact that N{t) = 1 for all f G R, if i? is sufficiently large 
depending on u and r/, then 

\u{t,x)\^dx <r] (83) 

l^l>f 
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for all t G M. Let x denote a smooth cutoff to the region \x\ > ^, chosen so that Vx is 
bounded by and supported where ~ R. By Lemma [7?T1 (f82|) and ([83]) . we have 



HDD <C 



|a;|>B 

\v\>ii 



R 



yWf )-i) 



x-y 
\x — uY' 



\u{x)\'^\u{y)\^ dxdy 



+ C 



+ C 

■.=1 + 11 + 111 
On one hand, 



\y\<R 

x\<R 



\x — y\'^ 

|-u(x)p|K(j/)P 

1 j — j — axdy 

\x — y\-^ 



I <C 



x\>R 
y\>R 



\x{x)u{x)\^\x{y)u{y)('' 
\x — 



■dxdy 



<| 



On the other hand, 
// <C 



Xu\\l2\\V{xu)\\l2 <u V- 

X(x)u(x)p|n(y)p 



)-i) 



+ 



R<\x]<2R '• ^ K' ' \X — V\ 

V\<R 

|x(x)n(x)p|n(y)P 
X 1 -T. dxdy 

\y\<R ' ^' 



dxdy 



<C 



II 



\x{x)u{x)\'^\u{y)\''' 
\x — y\^ 



dxdy + 



|x(a;)^(x)p|K(j/)p 
|x — 



dxdy 



S\xu\\li\N{xu)\\li\Nu\\12 + \\xu\\li\N{xu)\\li\W\\li\Nu\\lI 



/// can be estimated similarly. Choosing ij sufficiently small depending on u and R 
sufficiently large depending on u and rj, we obtain 



+ 



+ (EOD < E(u). 

^ - 100 ^ ' 



This completes the proof. 



□ 
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